Abstract-The transverse mode selection induced by optical injection in a VCSEL emitting in two transverse modes is analyzed from a theoretical point of view. Different pairs of transverse modes with parallel or orthogonal polarizations are considered. In general, we show that transverse mode selection can be achieved when the two modes have parallel or orthogonal polarizations. The selection is not possible only when both modes have parallel polarizations and the mode with the lowest threshold current has a lower injection rate than the other mode. Different forms of the selection region in the injected power-injection current plane appear depending on the polarization of the transverse modes. When both transverse modes are orthogonally polarized the mode with the lowest threshold is selected when the injected power surpasses a value that depends on the injection current. However when both modes have parallel polarizations the selection region has a completely different shape because the selection of the mode is no longer possible if the injected power or the injected current are large enough. We also show that the modal selection is favoured as the frequency of the injected light becomes smaller than the frequency of the mode to be selected.
The selection is not possible only when both modes have parallel polarizations and the mode with the lowest threshold current has a lower injection rate than the other mode. Different forms of the selection region in the injected power-injection current plane appear depending on the polarization of the transverse modes. When both transverse modes are orthogonally polarized the mode with the lowest threshold is selected when the injected power surpasses a value that depends on the injection current. However when both modes have parallel polarizations the selection region has a completely different shape because the selection of the mode is no longer possible if the injected power or the injected current are large enough. We also show that the modal selection is favoured as the frequency of the injected light becomes smaller than the frequency of the mode to be selected.
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I. INTRODUCTION
E
XTERNAL optical injection in semiconductor lasers has been a subject of interest for many years [1] , [2] . Injection locking is a technique commonly employed to reduce the frequency chirp [3] , to enhance the spectral stability [4] , to suppress the laser noise [5] and to improve the laser intrinsic frequency response [6] . Such studies were extended to verticalcavity surface-emitting lasers (VCSELs) [7] , [8] which present significant advantages over their edge-emitting counterparts, including a low threshold current, single-longitudinal-mode operation and wafer-scale integrability [9] . VCSELs are also attractive for use in injection locking because of its compactness, low power consumption, and circular output beam [10] , [11] . Besides its fundamental research interest, optical injection in VCSELs can be used in all-optical and reconfigurable optical switches [12] , to achieve polarization control [13] , and to obtain rich nonlinear dynamics [14] - [18] . Those dynamics include chaotic behavior that could be used for data encryption applications [19] . Recent experimental work has also shown the possibility of using optical injection in VCSELs for achieving transverse mode selection [10] , [20] or for performing several optical signal processing functions like all-optical inversion [10] , [21] and all-optical regeneration [22] . Those applications are based on the transverse mode switching in VCSELs induced by the external optical injection. Free-running VCSELs usually emit in several transverse modes. That multimode emission is attributed to Spatial Hole Burning (SHB) effects [9] , [23] , [24] . Emission in different polarization modes can also be found in free-running VCSELs. In fact, small changes of the device temperature or injection current may result in a polarization switching (PS) between its two linear polarizations [25] - [28] . Optical injection experiments have been usually performed by using two different configurations. In the first one, the "orthogonal optical injection" configuration, linearly polarized light is injected with a polarization that is orthogonal to the linear polarization of the free-running VCSEL [16] - [18] , [29] , [30] . In the second one, the "parallel optical injection", both the VCSEL and the injected light polarizations are parallel [7] , [8] , [11] , [14] , [15] , [20] , [31] - [33] . Experimental results using parallel injection in a single-transverse mode VCSEL show that injection locking show a dependence on the injected power and frequency detuning that is similar to the one found in edge-emitting devices [31] . Recent experimental studies using multimode VCSELs have shown that the fundamental transverse mode can be selected by using optical injection that is parallel to the linear polarization of that mode [11] , [20] . That selection process depends on the polarization of the transverse modes of the free-running VCSEL. The case in which the VCSEL emits in two transverse modes has been considered in recent experimental works [11] , [20] . Selection of the fundamental transverse mode can be achieved when both modes are orthogonally polarized [11] , [20] . However different results have been obtained when the VCSEL has two parallel-polarized modes because the selection of the fundamental mode was achieved in [11] while in [20] that selection was not possible. The corresponding theoretical works have focused on the possibility of selecting the fundamental transverse mode, . Two sets of modes have been considered. The first one corresponds to the competition between and the first higher-order mode, [14] . The second one is related to the competition between and modes [32] . In both cases the selection of the mode is obtained if the linear polarization of both transverse modes is orthogonal [14] , [32] . The case where the polarization of both transverse modes is parallel has only been studied for the competition between and modes [32] . In that case the laser does not turn into a single mode when increasing the injection power [32] , in agreement with [20] . The variety of experimental results [11] , [20] , suggests that the selection of the mode when both modes have parallel polarizations can depend on the specific set of modes in which the VCSEL is emitting. In particular, the case of the selection of the mode when both, and modes, have parallel polarizations has not been considered yet. Moreover, the study of the selection for any possible pair of modes, with parallel or orthogonal polarizations, would be desirable to shed more light on the interpretation of the experimental results [11] , [20] .
In this paper we perform the previously suggested analysis by using the theoretical model used in [14] , [32] that was orginally developed in [24] . The model is presented in Section II. The modal selection processes when the transverse modes have orthogonal and parallel polarizations are analyzed in Sections III and IV, respectively. In the case of transverse modes with parallel polarizations we will identify the injection parametersinjected power and frequency detuning -and the injected current values that lead to an optimum selection of the transverse mode with the lowest threshold current. Finally, Section V contains a summary and the conclusions.
II. MODEL
The model utilized [14] , [24] , [32] incorporates both spatial dependence of carrier and optical field profiles. The model can be used to describe dynamics in VCSELs provided that the modal profiles are determined by an effective waveguide structure. This waveguide can be due to either thermal lensing, an oxide layer or a mesa structure. This model based on modal expansion has been compared with a full spatiotemporal model [34] . The two descriptions agree when the effective index step is greater than the contribution due to the carrier-induced refractive index [34] . In this work we take several effective index step values of the waveguide, , , and , such that the previous condition is satisfied [34] . The electrical field, , is expanded in terms of the electrical fields corresponding to the transverse modes that are supported by the laser waveguide. The model describes a cylindrical weakly-index guided VCSEL as illustrated in [24, Fig. 1 ]. The appropriate transverse modes for the assumed VCSEL structure are conventionally denoted as the modes. The electrical field is expressed as (1) where , and are, respectively, the complex field amplitude, electrical field profile and frequency of the -transverse mode ( ,2) , while is the modulus of the spatial vector in the active layer. We assume operation in just two transverse modes. The mode 1 is the one with the lowest threshold current. We will considered different pairs of lasing transverse modes to gain insight on how their spatial overlap affects the transverse mode selection process induced by the optical injection. The equation (1) describes the situation in which the VCSEL has two orthogonal transverse modes. The complementary situation in which both transverse modes have parallel polarizations is also considered when changing the vector by the vector in equation (1) .
The dynamical evolution of the complex field amplitude of each transverse mode is governed by the following rate equation: (2) where and are the modal gain and photon lifetime, respectively, of the -mode, is the group velocity, is the longitudinal confinement factor, is the linewidth enhancement factor, is the waveguide radius, is the width of the active region, is the nonradiative carrier lifetime and is the spontaneous emission factor. The modal gain of the -mode is given by (3) where is the local gain and are obtained by solving the Helmholz equation [24] . We consider a local gain of the form (4) where is the carrier density, is the carrier density at transparency, is the gain coefficient and is the gain saturation parameter. The modal gain represents the degree of spatial overlap between the mode intensity profile and the carrier distribution. The fluctuating nature of the spontaneous emission is included in our model since is a complex Gaussian term of zero mean and time correlation given by .The last term of (2) accounts for optical injection. The mode that we want to select by using external optical injection is the one with the lowest threshold current. Then we choose a linearly polarized injected light that is parallel to the mode 1 ( direction). If both transverse modes have parallel polarizations the light is injected in both modes and then both and are greater than zero, where is the injection parameter in the -mode given by [2] (5)
where is the output-mirror field reflectivity, is the VCSEL round-trip time and is the the coupling efficiency of the injected light to the -transverse mode optical field in the laser cavity. Different optical field overlaps between the injected light and the -transverse mode can be taken into account by considering the appropriate value of . When both transverse modes are orthogonally polarized, the light is only coupled in the mode 1 and then and is the injected power in units of photon number and is the frequency detuning of the injected signal from the frequency of the -mode. Results in this work are given in terms of the detuning with respect to the lowest threshold mode.
The evolution of the carrier density profile, is given by the carrier continuity equation applied to the active region: (6) where is the diffusion coefficient, is the current density injected in the active region, is the electron charge, and . We consider a uniform injection of current over a disk of radius and then, if , and elsewhere. The evolution of the electrical field is found by integrating (2) and (6). The meaning and numerical values of the parameters used in this work are detailed in Table I . The obtained threshold current density, , is 1.77 cm , that corresponds to a 0.5 mA threshold current.
III. TRANSVERSE MODE SELECTION FOR ORTHOGONALLY POLARIZED MODES
We first consider the effect of the optical injection on a VCSEL that is emitting in the orthogonally polarized fundamental transverse mode and the first higher order mode, . We study this pair of modes because their excitation is one of the most commonly found situations. The mode with the lowest threshold is the mode [24] . The light is injected at the frequency of the fundamental mode and then . The temporal evolution of the power of the two transverse modes is shown in Fig. 1 for several values of the injected power when the injected current is instantaneously changed from a below threshold value to at . We illustrate in Fig. 1(a) -(b) the power and the modal gain of each transverse mode for the case of a very weak injected power. The modal gain is normalized to the threshold gain with no injection,
. The injected power is given in dBs with respect to the power of the solitary laser that corresponds to the on-state current. The laser behaves as a solitary VCSEL: there is emission in the two modes because both reach the threshold gain, that is basically unaffected by the optical injection [see Fig. 1(b) ].
The situation changes when increasing [see Fig. 1(c) ] because the threshold gain of the fundamental mode decreases due to the injection while the threshold gain of the mode remains unaffected [see Fig. 1(d) ].We also show in Fig. 2 the carrier densities at the stationary state for the three injection levels considered in Fig. 1 . When is increased from to dB, both the power of the mode and the stimulated recombination of carriers near , increase. In this way a deeper hole in the carrier density is produced near the center of the device (see Fig. 2 ). mode is still lasing since its modal gain is still able to reach the threshold gain but its power has decreased [see Fig. 1(c)] . A complete selection of the mode occurs when increasing because the modal gain of the mode is no longer able to reach the threshold gain [see Fig. 1(e)-(f) ]. This occurs since the carrier density at high levels of decreases at all positions (compare results for dB and dB in Fig. 2 ). In order to analyze the effect of the spatial overlap between modes we now consider the selection process for another pair of orthogonally polarized transverse modes, the and modes. The mode with the lowest threshold current is the mode. We have chosen those modes because they are the modes that have a maximum spatial overlap. This can be seen in Fig. 3(a) where the transverse profile of the power of those modes has been plotted. The spatial overlap is characterized by the following quantity [35] : (7) that has a value of 0.877 for the previous modes ( values of 0 and 1 mean minimum and maximum spatial overlap).
We characterize in Fig. 4 the selection process for a wide range of injection currents. The red open squares represent the Fig. 2 . Carrier density at t = 10 ns for different injected powers at zero frequency detuning and 1n = 0:01. values of and injection currents where the selection of the mode has been achieved. We consider that a given mode has been selected when its power represents more than 99% of the total power. Fig. 4 shows that once the injected mode has been selected an increase of does not lead to the appearance of the other mode. The curve that separates the selection and no selection regions (quenching power [14] ) is also shown in that figure.
The region of selection depends also on the specific set of chosen modes. We show in Fig. 5 the quenching power for the -and -pairs. These two pairs correspond to the cases of maximum and minimum spatial overlap, respectively (see Fig. 3 ). In both cases the mode with the lowest threshold is the mode. The quenching power of the -modes is much larger than the corresponding to the -pair. The reason lies in the low spatial overlap between the and modes . In fact, those modes are the ones with minimum spatial overlap, as it is illustrated in Fig. 3(b) . Maximum (minimum) spatial overlap means maximum (minimum) competition between modes for the charge carriers. When the competition is large ( -pair) a small amount of injected power is enough to make the mode to dominate. However, in the case of the -pair a much larger injection power is needed to suppress the mode because that mode is feeding from charge carriers well separated from the carriers that feed the mode.
IV. TRANSVERSE MODE SELECTION FOR MODES WITH PARALLEL POLARIZATIONS
This section is devoted to the study of the transverse mode selection due to optical injection when the solitary VCSEL emits in two transverse modes with parallel polarizations. We first consider the case in which the injection rate in both transverse modes is equal,
. We show in Fig. 6(a) the region of selection of the mode for the case of a VCSEL emitting in the -modes. The situation is completely different to the one reported in the previous section. Now selection is only obtained in a small region of the -current plane. The region of selection has a "tongue" shape. That is due to two new qualitative behaviors. First, selection of the mode is no longer possible if the current is larger than a certain value. Second, for the values of the current where the is selected an increase of leads again to the appearance of the other mode. The area of the selection region increases very much if a different pair of modes is considered. We show in Fig. 6(b) the situation corresponding to the -pair. The shape of the selection region is similar to the one in Fig. 6(a) but the mode is selected in a much larger area of the -current plane. We have chosen the -and -pairs to shed light on the previously reported behaviors: experimental and theoretical work on the -pair showed that selection of the mode was not possible [20] , [32] while experiments performed by Onishi in a different VCSEL [11] showed that the fundamental transverse mode could be selected. Our results show that the selection of the mode can be achieved by selecting the appropriate injection current. The parameter region where the mode is selected depends very much on the transverse modes pair that is chosen. In fact it is easier to select the fundamental mode in the case of the -pair. Those results are, in principle, in contradiction with the previous theoretical results [32] . That contradiction does not really exists because the injection parameters considered here and in [32] are different. Until now we have considered that the injection rate in both transverse modes is equal, . However [32] considered the situation in which the mode had a larger injection rate . That is precisely the situation illustrated in Fig. 7 . That figure shows that the selection region shrinks very much because the injection favours the mode more than in Fig. 6(b) . Fig. 7 also shows that the selection of the mode was not obtained in [32] because their considered currents were always of the order or larger than twice the threshold current. We have also considered the possibility of selecting the mode when the VCSEL emits in the -pair and the injection rate is larger in the mode ( ). In that case there are not any values of and the injection current in which the is selected. We now discuss the mode selection when different pairs of transverse modes are considered. We show in Fig. 8 the percentage of area in a region of the -current plane (of width and 40 dB height) where the mode with the lowest threshold is selected. We have chosen the pairs with maximum and minimum spatial overlap -, -, and the two pairs illustrated in Fig. 6 . The -pair is the one in which the selection of the lowest threshold mode is easier. That fact can be attributed to their maximum competition for the carriers due to their maximum spatial overlap . The general trend of having a larger area of selection when the spatial overlap increases is also followed when the -, and -pairs are considered ( , and , respectively). However, the -pair does not follow that trend because their spatial overlap coefficient is . Fig. 8 also shows the dependence of the area of selection on the detuning between the frequency of the injected light and the frequency of the mode that is selected. The general trend, followed by the -, -, and -pairs is given by a monotonous decrease of the selection area as the frequency detuning increases. That means that negative frequency detuning favors the modal selection. Again, an exception to the previous general rule appears when an specific pair of modes, -, is considered. The percentage of area where selection of is achieved is maximum when the frequency detuning is GHz. Then an optimum frequency detuning for mode selection is found when that pair of modes is considered. The asymmetry of all the previous curves can be attributed to the frequency asymmetry induced by the linewidth enhancement factor.
V. SUMMARY AND CONCLUSIONS
In this work we have analyzed the transverse mode selection induced by optical injection in a VCSEL that emits in two transverse modes. Attention has been paid to different pairs of transverse modes. Optical injection is applied to select the transverse mode with the lowest threshold current. In general we have shown that the transverse mode selection can be achieved when the two modes have parallel or orthogonal polarizations. We have characterized that selection process in the injected powerinjected current plane. When the two transverse modes have orthogonal polarizations, once the injected mode has been selected an increase of the injected power does not lead to the appearance of the other mode. That behavior is obtained for all the values of the injected current. The shape of the selection region completely changes when both modes have parallel polarizations. That region has a "tongue" shape because i) once the injected mode has been selected an increase of the injected power leads again to multimode operation, and ii) the selection of the mode is no longer possible if the current surpasses a certain value. The area of the selection region strongly depends on the considered pair of transverse modes. As a general trend, larger selection areas correspond to larger spatial overlaps between modes. We have also identified cases where the region of selection shrinks very much in such a way that the selection is no longer possible. Those cases correspond to situations in which the mode with the lowest threshold current has a lower injection rate than the other mode. In that situation we have recovered the results reported in [32] . We have also shown that the modal selection is favoured as the frequency of the injected light becomes smaller than the frequency of the mode to be selected.
Finally, the area of the selection region increases with the spatial overlap between modes when they are orthogonally polarized. That trend is not so clear for the case of modes with parallel polarizations. We also note that the selection regions are smaller when the transverse modes have parallel polarizations than when they are orthogonal. In this way selection of a transverse mode induced by optical injection is favoured if both transverse modes of the solitary VCSEL are orthogonally polarized. Further experimental work attempting to confirm the results included in this paper is now in progress.
